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ON THE EXISTENCE PROBLEM FOR TILTED UNDULOIDS IN H2 × R
MIROSLAV VRZˇINA
ABSTRACT. We study the existence problem for tilted unduloids in H2 × R. These are
singly periodic annuli with constant mean curvatureH > 1/2 in H2 ×R, and the period-
icity of these surfaces is with respect to a discrete group of translations along a geodesic
that is neither vertical nor horizontal in the Riemannian product H2 × R. Via the Daniel
correspondence we are able to reduce this existence problem to a uniqueness problem in
the Berger spheres: if a pair of linked horizontal geodesics bounds exactly two embedded
minimal annuli (for a fixed orientation of the boundary curves) then tilted unduloids in
H2 × R exist.
INTRODUCTION
Constant mean curvature surfaces (for short MCH-surfaces) have a rich history. Vari-
ous existence and uniqueness results for MCH-surfaces with certain topologies or under
assumptions like compactness, embeddedness or properness are known in Euclidean space
R3. For example, for each H > 0, Delaunay constructed embedded surfaces of revolution
with constant mean curvatureH . FixingH > 0 and up to motion of Euclidean three-space,
these so-called unduloids form a one-parameter family interpolating between a degenerate
chain of spheres and a cylinder. Korevaar, Kusner and Solomon proved them to be unique
among properly embedded MCH-annuli [KKS89].
In the present paper we study MCH-annuli in the Riemannian product H2 × R. The
space H2 × R is not isotropic and so for the suitably defined axis of our annuli we can
distinguish between vertical, horizontal and tilted geodesics: Tilted geodesics admit no
isometric rotations fixing them, while horizontal geodesics admit a half-turn rotation, and
vertical geodesics have arbitrary rotations. Nevertheless, we have a family of isometric
translations fixing each of these geodesics. Note that if h ∈ R and Γ is a geodesic in H2,
then reflections in horizontal planesH2×{h} and vertical planes Γ×R are also isometries
of H2 × R.
Let us recall the three known examples of properly (Alexandrov) embedded MCH-
annuli with H > 1/2 in H2 × R. Vertical unduloids have been constructed by Hsiang
and Hsiang in [HH89] as MCH-surfaces invariant under rotations about a vertical geo-
desic; horizontal unduloids, that is, surfaces invariant under half-turn rotations about a
horizontal geodesic, were constructed by Manzano and Torralbo in [MT14] via a conju-
gate Plateau construction. Each of these examples is periodic along a vertical respectively
horizontal geodesic, and is (up to an isometry) part of a one-parameter family degenerat-
ing to a cylinder and to a chain of spheres—as is the case for unduloids in R3. Finally,
tilted cylinders, invariant under translations along a tilted geodesic have been constructed
by Onnis in [Onn08] (see also the author’s Ph.D. thesis [Vrz16]).
Open is the existence of properly embedded MCH-annuli which are periodic but not
translation invariant with respect to a tilted geodesic.
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FIGURE 1. Left: A tilted cylinder in H2 × R is invariant under transla-
tions along the geodesic γ shown in red: the simple closed curve shown
in green generates the cylinder. The vertical plane indicated with dots
contains γ and intersects the cylinder in the geodesics shown in blue.
Right: Conjectured intersection pattern of a tilted unduloid with a verti-
cal plane. The blue curves are periodic.
Conjecture. Let H > 12 and let γ be a geodesic in H
2 × R with slope α ∈ [0, pi/2]
relative to a vertical geodesic. Then, up to an isometry of H2 × R, there exists a one-
parameter family (Σc,α)c∈(0,1] of properly (Alexandrov) embedded MCH-annuli which are
singly periodic with respect to translations along γ; we refer to them as unduloids with
axis γ. If α ∈ (0, pi/2) we call the surfaces tilted unduloids.
The parameter c corresponds to the neck size of Σc,α, that is, c parametrises the length
of the shortest closed geodesic on Σc,α. The limiting cases should be: Σ0,α, a degenerate
chain of MCH-spheres aligned along γ, and Σ1,α, a cylinder with tilted axis. See Figure 1
for a qualitative sketch of these surfaces. We remark that H = 1/2 is the critical mean
curvature in H2 × R, which means that compact immersed MCH-surfaces only exist for
H > 1/2.
With the present paper we suggest to study the conjecture with the tool of the Daniel
correspondence. We do not prove the conjecture, but we show two results which reduce the
existence problem for tilted unduloids in H2 × R to a uniqueness problem for embedded
minimal annuli bounded by linked horizontal geodesics in a Berger sphere.
To obtain these results we first study necessary conditions for the existence of unduloids
in H2 × R. Alexandrov reflection as in [KKS89] shows that an unduloid in H2 × R has
a vertical mirror plane separating it into two halves. Each half is an MCH-surface with
two boundary curves contained in the plane, as illustrated in Figure 1. A method for the
construction of MCH-surfaces with symmetries is the conjugate Plateau construction. It
is based on the Daniel correspondence: One half of an unduloid in H2 × R is a disk
corresponding to a minimal surface bounded by a pair of horizontal geodesics in a Berger
sphere; these horizontal geodesic circles must be covered infinitely often. This follows
from the Daniel correspondence, which we review in Section 1 alongside our notation for
the Berger spheres.
It is tempting to guess that the conjectured two-parameter family of unduloids inH2×R
corresponds to a two-parameter family of horizontal geodesics as boundary of a uniquely
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determined minimal surface in a Berger sphere. However, the problem turns out to be
more involved as the boundary circles bound several minimal surfaces. In general, for a
conjugate Plateau construction, we need to answer the following questions: 1. What are the
correct boundary contours? 2. What kind of minimal surface bounded by these contours
are we looking for specifically? The answers are given in Section 2 as the first result of
this paper.
In order to answer these questions we revisit the known examples of unduloids inH2×R
whose axes are vertical or horizontal. In case of one half of a horizontal unduloid the
corresponding horizontal geodesics in the Berger spheres are linked and must have—what
we call—linearly dependent horizontal fields. This answers the first question:
The pair of horizontal geodesics in the Berger sphere are linked and must have
linearly independent horizontal fields.
These contours are unrelated to the angleα of the axis. Indeed, any pair of linked horizontal
geodesics in the Berger spheres bounds an embedded minimal annulus, namely a spherical
helicoid, also introduced in Section 1. The corresponding surface in H2 × R is a vertical
unduloid. Therefore, giving the answer to problem 2, we can state:
The desired surface is an embedded minimal annulus bounded by these great cir-
cles different from the spherical helicoid (which corresponds to vertical undu-
loids).
How can multiple solutions be obtained? One option is to construct them explicitly, which
is possible for linearly dependent horizontal fields. In Theorem 2.6 we prove an explicit
multiple solution theorem: there is a one-parameter family of linked horizontal geodesics
with linearly dependent horizontal fields that bounds two minimal annuli, one correspond-
ing to one half of a horizontal unduloid and the other one to a piece of a vertical unduloid.
These minimal annuli are in fact embedded. The case of linearly independent horizon-
tal fields does not seem to admit such an explicit construction. That is why we discuss a
minimax principle due to Min Ji which yields that any pair of linked horizontal geodesics
in a Berger sphere bounds at least two minimal annuli, a “min“ and a “minimax“. This
minimax principle does not give information on the embeddedness of the solutions.
The embedded minimal annulus we are interested in is not explicit and thus we can-
not control the geometry of the conjugate MCH-surface in H2 × R. We overcome this
difficulty by employing a continuity method in Section 3. This is done in two steps. We
first formulate three hypotheses (H1) to (H3) for an embedded minimal annulus bounded
by linked horizontal geodesics. In Lemma 3.1 we show that these hypotheses are suffi-
cient to yield a tilted unduloid in H2 × R. The proof of this lemma only assumes basic
knowledge about the Daniel correspondence and is independent from most of the details of
Section 2. Then we discuss how these hypotheses can be satisfied, based on the contours
determined in Subsection 2.1. The sister surface of one half of a horizontal unduloid (or
of a horizontal cylinder) naturally satisfies (H1) to (H3). The hypotheses are preserved
under slight continuous deformations of this sister surface. If we assume that every pair of
linked horizontal geodesics bounds exactly two embedded minimal annuli these continu-
ous deformations exist, and in Theorem 3.3 we prove the existence of tilted unduloids as a
perturbation of horizontal unduloids.
We note that uniqueness is an open problem: Meeks conjectured that properly (Alexan-
drov) embedded MCH-annuli with H > 1/2 are unduloids inH2×R; see [MP12, Conjec-
ture 4.22 (2)]. This would be the natural generalisation from [KKS89] to H2 × R. In fact,
this initiated the study of the existence problem in this paper.
Acknowledgement. This work extends upon a part of the author’s Ph.D. thesis at TU Darm-
stadt. The author would like to thank his advisor Karsten Große-Brauckmann for guidance
and suggestions throughout the preparation of this paper, Rob Kusner for helpful discus-
sions, and a referee for useful comments that helped clarifying important aspects.
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1. PRELIMINARIES ON BERGER SPHERES AND SINGLY PERIODIC SURFACES
In order to discuss the Daniel correspondence which relates surfaces with constant mean
curvature H > 1/2 inH2×R to minimal surfaces in the Berger spheres, let us first review
the Berger spheres. Moreover we will discuss periodicity and study symmetries of singly
periodic MCH-annuli.
1.1. Geometry of the Berger spheres. In the following let κ and τ be real numbers with
κ > 0 and τ 6= 0. In this case the simply connected homogeneous 3-manifold E(κ, τ) is
compact. We discuss a model and geometric properties.
1.1.1. Model of Berger spheres and isometries. Consider the standard three-sphere
S3 := {p ∈ R4 : |p|2R4 = 1}
and let V be the matrix
V =

0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0
 ,
which induces the vector field
V (a, b, c, d) = (−b, a, d,−c)
on S3. We endow S3 with the metric
gκ,τ (X,Y ) :=
4
κ
[
〈X,Y 〉R4 +
(
4τ2
κ
− 1
)
〈X,V 〉R4〈Y, V 〉R4
]
. (1)
A Berger sphere is the Riemannian space S3(κ, τ) := (S3, gκ,τ ). Up to scaling of the
metric, the Berger spheres form a one-parameter family of spaces: If we set η := 4τ
2
κ and
scale gκ,τ by κ4 the metric depends only on η ∈ (0,∞).
The isometries of S3(κ, τ) can be described as follows, see [Tor12, Section 2]:
Iso
(
S3(κ, τ)
)
=
{
O(4) if κ = 4τ2,
{A ∈ O(4) : AV = ±V A} if κ 6= 4τ2. (2)
1.1.2. Structure of a metric Lie group. The quaternions is the skew-field R4 considered
with basis 1, i, j, k and bilinear product satisfying the relations
1i = i, i2 = j2 = k2 = −1, ijk = −1.
It is well-known that this bilinear product induces a group structure on S3. For p ∈ S3 we
consider the map
Lp : S3 → S3, Lp(q) := pq.
One can check that Lp is in O(4) and satisfies LpV = V Lp, that is, in view of (2) the map
Lp is an isometry of S3(κ, τ) and thus a Berger sphere is a metric Lie group.
1.1.3. Identification with other models. The quaternions have a representation as complex
2× 2 matrices since
R4 → M2(C), a1 + bi + cj + dk 7→
(
a+ bi c+ di
−c+ di a− bi
)
is an injective ring homomorphism. The image of S3 ⊂ R4 is the group SU(2). Identifying
SU(2) with S3 = {(z, w) ∈ C2 : |z|2 + |w|2 = 1} the group structure is as follows:
(z1, w1)(z2, w2) = (z1z2 − w1w2, z1w2 + w1z2) and (z, w)−1 = (z,−w).
The neutral element is (1, 0) and left translations have the following representation:
L(z1,w1) : S3(κ, τ)→ S3(κ, τ), L(z1,w1)(z2, w2) := (z1, w1)(z2, w2).
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1.1.4. Orthonormal frame and Hopf fibration. At the identity 1 ∈ S3 the vectors j, k
and i are orthogonal. Since left translations are isometries we obtain a global orthonormal
frame by setting
E1(p) :=
√
κ
2
Lp(j) =
√
κ
2
(−c,−d, a, b) =
√
κ
2
(−w, z),
E2(p) :=
√
κ
2
Lp(k) =
√
κ
2
(−d, c,−b, a) =
√
κ
2
(iw, iz), (3)
ξ(p) :=
κ
4τ
Lp(i) = κ
4τ
(−b, a, d− c) = κ
4τ
(iz,−iw),
where we identify p = a1+ bi+ cj + dk ∈ R4 with p = (a+ ib, c+ id) = (z, w) ∈ C2.
Using this orthonormal frame and the definition of the Riemannian metric on S3(κ, τ)
we get the following expression of the Levi-Civita connection:
∇E1E1 = 0, ∇E1E2 = τξ, ∇E1ξ = −τE2,
∇E2E1 = −τξ, ∇E2E2 = 0, ∇E2ξ = τE1,
∇ξE1 =
(
κ
2τ − τ
)
E2, ∇ξE2 = −
(
κ
2τ − τ
)
E1, ∇ξξ = 0.
We introduce the Hopf fibration:
Proposition 1.1. The Hopf fibration
Π: S3(κ, τ)→ S2(κ), Π(z, w) := 1√
κ
(−2izw, |z|2 − |w|2) , (4)
where S2(κ) denotes the two-sphere of radius 1√
κ
, is a Riemannian submersion whose
fibres are geodesics. The vertical unit Killing vector field is given by ξ. The horizontal
space of this submersion is spanned by E1 and E2. Moreover, the base space S2(κ) has
constant sectional curvature κ and the bundle curvature of the fibration is τ .
A proof of this proposition is an elementary computation in terms of quaternions.
Definition. We call ξ a Hopf field. For a, b ∈ R with a2 + b2 = 1 we call the linear
combination F = aE1 + bE2 a horizontal field. An integral curve of ξ or F is called a
Hopf circle or a (horizontal) F -circle, respectively.
1.1.5. Vertical and horizontal geodesics. Let p = (z, w) be in S3(κ, τ). Then
v(s) := p cos
( κ
4τ
s
)
+
4τ
κ
ξ(p) sin
( κ
4τ
s
)
=
(
exp
(
i κ4τ s
)
z
exp
(−i κ4τ s)w
)
(5)
parametrises a vertical unit-speed geodesic through p. Since ∇ξξ = 0, this claim about
v follows from ξ(v(s)) = v′(s), that is, v is an integral curve of ξ. It is a fibre since it
projects to the point Π(v(s)) = 1√
κ
(−2izw, |z|2 − |w|2).
Given the horizontal field F = Fϕ = cos(ϕ)E1 + sin(ϕ)E2, the curve
h(t) := p cos
(√
κ
2
t
)
+
2√
κ
Fϕ(p) sin
(√
κ
2
t
)
=
cos(√κ2 t) z − sin(√κ2 t) exp(−iϕ)w
cos
(√
κ
2 t
)
w + sin
(√
κ
2 t
)
exp(iϕ)z
 (6)
parametrises a horizontal unit-speed geodesic through p with tangent vector Fϕ. This is a
consequence of ∇FϕFϕ = 0 and Fϕ(h(t)) = h′(t).
We read off the lengths of the Hopf circle v and of the horizontal F -circle h.
Observation 1. Vertical and horizontal geodesics have the following respective lengths:
length(v) =
8τpi
κ
and length(h) =
4pi√
κ
. (7)
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1.1.6. An important minimal surface: the spherical helicoid. Let h1 and h2 be horizontal
geodesics in S3(κ, τ). It is natural to ask the following question: Is there an (embedded)
minimal surface bounded by h1 and h2?
The next proposition establishes an explicit solution as long as h1 and h2 are either
identical or linked. If they are linked then they bound a spherical helicoid with a vertical
axis v joining h1 and h2; the rulings are horizontal geodesics which rotate (with constant
angular speed) about the axis. Letting the pitch of such a helicoid go to 0 we arrive at the
case that h1 and h2 are identical. Then h1 = h2 bounds a so-called horizontal umbrella.
For the upcoming sections it is useful to describe these helicoids explicitly:
Proposition 1.2. Let h1 and h2 be identical or linked horizontal geodesics in S3(κ, τ).
(i) There are ` ∈ (0, 8τpi/κ) and ϕ ∈ [0, 2pi) such that the parametrisation
f : R× [0, 1]→ S3(κ, τ), f(x, y) :=
 cos(√κ2 x) exp (±i κ4τ `y)
sin
(√
κ
2 x
)
exp
(
i
(
ϕ± κ4τ `
)
y
) , (8)
defines, up to an ambient isometry, an immersed minimal annulus bounded by the
linked horizontal geodesics h1 = f(·, 0) and h2 = f(·, 1). We call ` the pitch and
ϕ ∈ [0, 2pi] the angle of the spherical helicoid. For ` = 0 we choose ϕ = pi and
obtain an immersed horizontal umbrella on (0, pi/
√
κ)× [0, 1].
(ii) The parametrisation (8) defines an embedding on [0, 2pi) × [0, 1] respectively on
[0, pi/
√
k)× [0, 1] if and only if ` ∈ (0, 4τpi/κ] respectively ` = 0.
(iii) For any choice of h1 and h2 there exists ` as in (ii), and for prescribed orientations of
h1 and h2 the embedded spherical helicoid bounded by h1 and h2 is unique. Chang-
ing the orientation of either h1 or h2 gives another embedded minimal annulus.
Sketch of proof. (i): The curves Π ◦ h1 and Π ◦ h2 are geodesic in S2(κ) and thus they
intersect in at least two points. Therefore h1 and h2 are joined by a segment of a vertical
geodesic with length ` ∈ [0, 8τpi/κ). After a left translation we may assume that h1 is a
horizontal geodesic through p = (1, 0) and that the vertical segment v emanates from
h1(0) = p = (1, 0) as well. After rotation about the vertical geodesic v, which are
isometries in E(κ, τ)-spaces, we can assume h1 has E1 as horizontal field. Thus h2 is a
horizontal geodesic h2 through v(±`) with a horizontal field Fϕ = cos(ϕ)E1 + sin(ϕ)E2
for some ϕ ∈ [0, 2pi). From these information one can compute h1, v and h2 explicitly by
using (6) and (5). Finally one uses (2) to check that, for y ∈ R, the mapping
Ψy : S3(κ, τ)→ S3(κ, τ), Ψy(z, w) :=
(
z exp
(±i κ4τ `y)
w exp
(
i
(
ϕ± κ4τ `
)
y
))
is an isometry and satisfies f(x, y) = Ψy(h1(x)). By computation one verifies that f is an
immersion on the domains stated in (i).
(ii): We have f(x, y) = Ψy(h1(x)) and Ψy(h1(0)) = f(0, y) =: v(y) by construction
of f in (i). Assume ` ≥ 4τpi/κ. Then there is y0 ∈ [0, 1] such that v|[0,y0] has length
4τpi/κ. The length of a vertical geodesic is 8τpi/κ, so that starting from h1(0) the vertical
geodesic v meets h1 again at v(y0) = h1(2pi/
√
κ). Thus f cannot be embedded for
` ≥ 4τpi/κ.
For embeddedness of f on [0, 4pi/
√
κ) × [0, 1] in the case ` ∈ (0, 4τpi/√κ) we note
Fy =
∂f
∂x (x, y) = cos(ϕy)E1 + sin(ϕy)E2 for y ∈ [0, 1]. This shows that f is foliated by
horizontal geodesics with different horizontal fields. Thus f cannot have self intersections.
For ` = 0 one argues similarly.
(iii): If we have ` ∈ [4τpi/κ, 8τpi/κ) we replace it by ˜` := 8τpi/κ − ` ∈ [0, 4τpi/κ)
and change the orientation of v. This determines ` uniquely.
Finally we consider the claim about the change of orientation for h1 and h2. The surface
(x, y) 7→ f(−x, y) is bounded by x 7→ h1(−x) and x 7→ h2(−x). Therefore it is sufficient
to only change the orientation of h2. This is done by replacing ϕ with ϕ±pi ∈ [0, 2pi). 
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Let us discuss uniqueness of the Plateau problem for h1 and h2 as well as further non-
embedded solutions:
Remark 1.3. We have already pointed out that joining h1 and h2 with a vertical axis of
length ` ≥ 4τpi/κ yields a non-embedded minimal annulus. In fact, instead of joining h1
and h2 with the vertical axis of length ` ∈ [0, 4τpi/κ), we can traverse the great circle
containing this axis several times and then join h1 and h2 with the axis of length `. Thus
each `n = `+n8τpi/κ with n ∈ Z\{0} and ` ∈ [0, 4τpi/κ) defines an immersed minimal
annulus bounded by the same horizontal geodesics h1 and h2. Therefore we do not have
uniqueness or finite number of solutions among immersed minimal annuli bounded by h1
and h2. These solutions do not occur as solutions of the Plateau problem for h1 and h2
since they are not area-minimising.
1.2. Daniel and Lawson correspondence. We introduce the Daniel correspondence by
Daniel from [Dan07] and its properties a` la Manzano and Torralbo in [MT14] and [Tor12].
We refer to [GB05, Section 2 and Section 3] for the Lawson correspondence. Most results
we state in this section are quotations from these papers.
Fist we introduce some notation:
Definition. Let Σ be an oriented surface immersed into some Riemannian manifold E.
Then the Riemannian metric 〈·, ·〉 of E induces a rotation of angle pi2 on the tangent bundle
to Σ. We denote this rotation by J . The Levi-Civita connection ∇ of E defines the shape
operator S by SX := −∇XN whereX is tangent to Σ andN is a unit normal vector field
on Σ.
The E(κ, τ)-spaces are simply connected homogeneous three-manifolds diffeomorphic
to R3, S3 or S2 × R and arise as Riemannian fibrations E → M with geodesic fibres,
where M = M(κ) has curvature κ ∈ R and the bundle curvature is τ ∈ R. We denote
the vertical field tangent to the fibres by ξ. Constructing MCH-surfaces with H 6= 0 and
boundary in vertical or horizontal planes of a product manifold E(κ, 0) = M(κ) × R
is difficult, because it is a free boundary problem. The Daniel correspondence reduces
this free boundary problem to a fixed boundary problem, but one has to deal with more
complicated ambient spaces:
Proposition 1.4 (special case of [Dan07, Theorem 5.2]). Let κ and H be in R. For each
simply connected
minimal surface Σ ⊂ E(κ+ 4H2, H) with shape operator S
there exists an isometric
MCH-surface Σ˜ ⊂ E(κ, 0) = M(κ)× R with shape operator S˜ = JS +H id (9)
and vice versa.
We will refer to the surfaces Σ and Σ˜ as conjugate sister surfaces, or simply as sisters.
Let us take a look at some special choices for κ and H:
Example 1.5. (a) For κ = 0 and H = 1 we obtain Lawson’s correspondence of minimal
surfaces in S3 and MC1-surfaces in R3.
(b) MCH-surfaces Σ˜ in the space E(−1, 0) = H2 × R with H > 12 have minimal sisters
Σ in Berger spheres E(4H2 − 1, H) since the base curvature 4H2 − 1 is positive.
Daniel’s correspondence has the following first order description:
Proposition 1.6 ([Dan07, Theorem 5.2]). Suppose an MCH-immersion f˜ : Ω → E(κ, 0)
and minimal immersion f : Ω→ E(4H2 + κ,H) parametrise sister surfaces with unit
normal fields N˜ and N , respectively. Let Z˜ and Z be the corresponding restrictions of
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the vertical vector fields ξ˜ and ξ along f˜ and f , respectively. Denote the projections to the
respective tangents spaces of these vector fields by T˜ and T . Then〈
Z˜, N˜
〉
= 〈Z,N〉 and df−1(T ) = Jdf˜−1(T˜ ). (10)
In an E(κ, τ)-space, a rotation of angle pi about a horizontal or vertical geodesic is an
isometry. In the product spaces E(κ, 0) = M(κ)×R, reflections in vertical and horizontal
planes are isometries. We refer to these planes as mirror planes. A curve c˜ on a surface Σ˜
in E(κ, 0) is called mirror curve if it is contained in a mirror plane and its conormal η˜ is
perpendicular to the mirror plane.
The correspondence relates mirror curves as follows:
Proposition 1.7 ([Tor12, Proposition 3]). Let Σ˜ be an MCH-surface in M(κ) × R with
sister minimal surface Σ in E(4H2 + κ,H).
(i) A curve c˜ on Σ˜ ⊂ M(κ) × R is a vertical mirror curve if and only if its sister curve
c on Σ ⊂ E(κ+ 4H2, H) is a horizontal (ambient) geodesic.
(ii) Similarly, c˜ is contained in a horizontal mirror curve if and only if c on the minimal
sister Σ ⊂ E(4H2 + κ,H) is a vertical geodesic (contained in a fibre).
Another issue is the smooth extension of surfaces bounded by geodesics. If a minimal
surface Σ in some E(κ, τ)-space has a vertical or horizontal geodesic c contained in ∂Σ
then it is possible to extend Σ by geodesic reflection ρ around c. This is better known as
Schwarz reflection and the extension is smooth; for details we refer to [MT14, Section 2.2].
Let f : Ω→ E(4H2 + κ,H) parametrise Σ ∪ ρ(Σ). Then c is contained in f(Ω), and the
Daniel correspondence also relates such extensions:
Proposition 1.8 ([MT14, Lemma 2]). Let an MCH-immersion f˜ : Ω → E(κ, 0) and a
minimal immersion f : Ω→ E(4H2 + κ,H) parametrise sister surfaces. If f(Ω) is in-
variant by a
{
horizontal
vertical
}
geodesic reflection, then f˜(Ω) is invariant by a reflection in a{
vertical
horizontal
}
plane.
In the special case of the three-sphere, i.e. κ = 4 and τ = 1, we have more detailed
information on the sister curves available:
Remark 1.9. As highlighted earlier, the case κ = 0 and H = 1 is the Lawson corre-
spondence of MC1-surfaces in R3 and minimal surfaces in S3. Here, mirror curves in a
vertical mirror plane of R3 correspond to horizontal geodesics with the same horizontal
field F ; see for example [GB05, Corollary 3.1]. Comparing this fact with Proposition 1.7,
a natural question arises: Let c˜ be a vertical mirror curve of an MCH-surface Σ˜ ⊂ H2 × R
with H > 12 . Is the sister curve c on Σ ⊂ S3(4H2 − 1, H) the integral curve of a fixed
horizontal field F ?
In Proposition 2.1 (iii) we show that the two vertical mirror curves of one half of a
vertical unduloid in H2 × R correspond to a F1-circle and F2-circle with F1 6= ±F2.
In this sense [GB05, Corollary 3.1] does not hold for the Daniel correspondence. The
reason is that the Lawson correspondence of MC1-surfaces in R3 and minimal surfaces in
S3 admits a first order description for any Killing field, not only for the vertical Killing
field as it is the case in the Daniel correspondence.
1.3. Singly periodic surfaces inH2×R: Basic definitions and properties. We first need
to define certain translations in H2 × R:
Definition (Translation induced by geodesic). Let γ˜ be a geodesic in H2 × R with slope
α, that is, cosα ≡ 〈ξ˜ ◦ γ˜, γ˜′〉. The projection Π ◦ γ˜, assumed to be parametrised by arc-
length, is a geodesic in H2 and induces a one-parameter family of hyperbolic translations
ψs : H2 → H2 fixing Π ◦ γ˜ as a set. Then
Φs : H2 × R→ H2 × R, Φs(p, h) := (ψs sin(α)(p), s cos(α) + h)
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is an isometry such that Φs(γ˜(0)) = γ˜(s) for all s ∈ R. We refer to (Φs)s∈R as translation
along γ˜.
In case of H2 × R different geodesics γ˜ can induce the same one-parameter family
(Φs)s∈R. For instance, translations along any vertical geodesic in H2 × R.
Definition (Singly periodic). A surface Σ˜ in H2 × R is called singly periodic if the fol-
lowing is satisfied: There is a one-parameter family of isometries (Φs)s∈R, induced by
translations along a geodesic γ˜, and a real number T > 0 such that Σ˜ is invariant under the
discrete group {ΦnT : n ∈ Z}. We call any geodesic γ˜ inducing the translations (Φs)s∈R
an axis of Σ˜.
Two geodesics γ˜1 and γ˜2 inR3 generate (Φs)s∈R if and only if γ˜′1 = γ˜′2. The same ques-
tion in H2 ×R has a more interesting answer, which we highlight along another important
property of singly periodic surfaces:
Proposition 1.10. Let Σ˜ be a singly periodic surface invariant under (ΦnT )n∈Z.
(i) Suppose γ˜1 and γ˜2 both generate (Φs)s∈R in H2 × R. Then either both of them
are vertical geodesics or they lie in the same vertical plane and differ by a vertical
translation.
(ii) Let Σ˜ be a singly periodic immersed annulus in H2 × R. Then there exists a com-
pact annulus Σ˜0 ⊂ Σ˜ such that Σ˜ =
⋃
n∈Z ΦnT (Σ˜0) (the union is not necessarily
disjoint). In particular Σ˜ is a proper immersion.
Proof. For (i) we distinguish two cases for (Φs)s∈R. If γ˜1 is a vertical geodesic, then
Φs(x, y, z) = (x, y, z+ s) and γ˜2(s) = Φs(γ˜2(0)) is a vertical geodesic, too. If γ˜1 is non-
vertical then Φs is the composition of a hyperbolic translation along a horizontal geodesic
and a vertical translation. A hyperbolic isometry in H2 fixes exactly one geodesic and thus
(Φs)s∈R fixes exactly one vertical plane. The geodesic γ˜2 induces (Φs)s∈R as well and
so it must lie in the same vertical plane. The geodesics γ˜1 and γ˜2 are orbits of (Φs)s∈R
and thus they have the same slope with respect to the vertical Killing field ξ˜ of H2 × R.
Therefore they differ by a vertical translation.
For (ii) let Ω := {(x, y) ∈ R2 : 0 < x2+y2 < 1} and f˜ : Ω→ E(κ, 0) be an immersion
such that Σ˜ = f˜(Ω). Let α : [0, 2pi), α(t) := 12 (cos(t), sin(t)). Then f˜ ◦ α has compact
image and for m ∈ N sufficiently large f˜ ◦ α and ΦmT ◦ f˜ ◦ α are disjoint due to the
compactness of f˜ ◦ α. Thus we find a curve β in Ω that is disjoint from α and satisfies
ΦmT ◦ f˜ ◦α = f˜ ◦β. As illustrated in Figure 2, α and β bound a compact annulus Ω0 in Ω.
The continuous image Σ˜0 := f˜(Ω0) is a compact annulus with the desired properties. 
α
β
FIGURE 2. Shaded in grey is the annulus Ω0 bounded by α and β
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We study symmetries of singly periodic (Alexandrov) embedded MCH-annuli in the
product H2 × R. The main property is that such surfaces always have a vertical mirror
plane:
Proposition 1.11. Let Σ˜ be a singly periodic (Alexandrov) embedded MCH-annulus with
axis γ˜ in H2 × R. Then Σ˜ has a vertical mirror plane P such that P separates Σ˜ into
simply connected MCH-surfaces Σ˜± with ∂Σ˜± ⊂ P and Σ˜ = Σ˜+ ∪ Σ˜−. Moreover, if γ˜ is
vertical then Σ˜ is invariant under rotations about γ˜. If γ˜ is horizontal then the horizontal
and the vertical plane containing γ˜ are mirror planes of Σ˜.
Proof. Here we only have vertical and horizontal planes at hand. For a vertical axis γ˜ the
periodicity implies that Σ˜ is contained in a vertical cylinder. Mazet has shown in [Maz15]
that such surfaces in H2 × R are rotationally invariant.
If γ˜ is non-vertical then its projection is a geodesic of H2. Let c˜ be a geodesic in H2
which intersects the projection of γ˜ orthogonally. The family of geodesics orthogonal to
c˜ defines a family of vertical planes (Ps)s∈R such that γ˜ is in P0. Alexandrov’s moving
planes argument shows that P0 is a mirror plane of Σ˜. If γ˜ is horizontal then we can reason
in the same way with respect to horizontal planes. 
Daniel’s correspondence immediately implies the following:
Corollary 1.12. Let Σ˜ ⊂ H2 × R be a singly periodic (Alexandrov) embedded MCH-
annulus with H > 12 . Then the minimal sister surface Σ± ⊂ S3(4H2 − 1, H) of Σ˜± is
bounded by horizontal geodesics h1 and h2 (covered infinitely often).
2. REVISITING KNOWN EXAMPLES
Our goal is to construct tilted unduloids in H2 × R, that is, singly periodic (Alexan-
drov) embedded MCH-annuli with H > 12 whose axis is neither vertical nor horizontal. To
construct such surfaces we want to construct suitable minimal surfaces bounded by hori-
zontal geodesics in S3(4H2 − 1, H), as indicated by Corollary 1.12. We revisit the known
examples in H2 × R, vertical and horizontal unduloids, and it turns out it is a reasonable
assumption to look for embedded minimal annuli bounded by linked, i.e. non-intersecting,
horizontal geodesics. Any pair of linked horizontal geodesics bounds an embedded mini-
mal annulus, the spherical helicoid (see Proposition 1.2), which corresponds to a piece of a
vertical unduloid. Therefore we need multiple solution theorems for the existence of tilted
or even horizontal unduloids.
2.1. Vertical and horizontal unduloids in H2 × R and their sisters. The existence of
vertical unduloids inH2×R as MCH-surfaces of revolution withH > 12 about the fibre was
established by Wu-Teh Hsiang and Wu-Yi Hsiang in [HH89]. In [MT14] it is shown that a
spherical helicoid, considered as a surface in S3(4H2 − 1, H), is the sister surface of such
a surface of revolution. We study the spherical helicoid in S3(4H2 − 1, H) in somewhat
more detail, namely we compute the shape operator of it, in order to determine which part
of the spherical helicoid corresponds to one half of a vertical unduloid in H2 × R. It turns
out that for a vertical unduloid the sister surface is bounded by two horizontal circles whose
horizontal fields are linearly independent.
However, for a horizontal unduloid, constructed as in [MT14], we show that the bound-
ary curves in the vertical mirror plane correspond to horizontal geodesics with the same
horizontal field up to a sign. We finish this section with the observation that the sister
curves of the horizontal unduloid bound at least two solutions; one solution corresponds to
the horizontal unduloid and the other one to a piece of a vertical unduloid.
The first example is the vertical unduloid. It arises as the sister surface of the spherical
helicoid from Proposition 1.2 if we choose ` ∈ [0, 2τκ ]. The parameter c := `/ ( 4τκ − `)
then satisfies 0 ≤ c ≤ 1, allowing us to consider the reparametrisation f c defined in
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Proposition 2.1. The parameter c describes the neck size of the vertical unduloid, with
the extremal cases c = 1 and c = 0 corresponding to a vertical cylinder and a sphere,
respectively.
Proposition 2.1 (for (ii) compare with [MT14, Proposition 1]). Let c ∈ [0, 1] and consider
the (reparametrised) spherical helicoid
f c : R2 → S3(κ, τ), f c(x, y) :=
cos(√κ2 x) exp (−ic κ4τ y)
sin
(√
κ
2 x
)
exp
(
i κ4τ y
)
 .
It is an immersion on R2 for all c ∈ (0, 1], respectively on (0, pi/√κ)×R for c = 0. It has
the following properties:
(i) For all κ > 0 and τ ∈ R the spherical helicoid is a minimal surface and the curve
v := f c(pi/
√
κ, ·) is a vertical geodesic on f c. Each meridian x 7→ f(x, y) is a
horizontal F -circle with
F =
∂f
∂x
(x, y) = cos
(
(c+ 1)
κ
4τ
y
)
E1 + sin
(
(c+ 1)
κ
4τ
y
)
E2.
(ii) For H > 12 the sister curve v˜ of v in S
3(4H2−1, H) is a curve of constant curvature
kv˜ = 2H + (c− 1) 4H2−14H > 1 in a horizontal plane of H2×R. The sister surface of
f c is a surface of revolution with constant mean curvature H .
(iii) The curves h1 := f c(·, 0) and h2 := f c(·, T ), where
T =
pi√
k2v˜ − 1
> 0,
bound the sister surface corresponding to one half of the vertical unduloid f˜ c. For
c ∈ (0, 1] the respective horizontal fields F1 and F2 are linearly independent, that is,
they satisfy F1 6= ±F2. The surface f c is embedded on [0, 2pi)× [0, T ] for c ∈ (0, 1].
Remark 2.2. We note that f c has also been studied in [MT14, Proposition 1]. They sketch
the arguments needed to show that the MCH-sister surface of f c is rotationally invariant,
but they do not determine the piece of f c corresponding to one half of a vertical unduloid.
ξ˜
neck v˜
vertical plane P
h˜1 h˜2
FIGURE 3. Sister surface of f c in H2 × R; h1 and h2 are chosen as in
Proposition 2.1 (iii) and the neck is contained in a horizontal plane with
normal ξ˜
The extremal values for c are instructive and useful for the proof of (iii), so we first consider
an example before passing to the proof of Proposition 2.1.
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Example 2.3 (Vertical cylinder and sphere). We look at c = 1 and c = 0.
(a) The vertical cylinder corresponds to c = 1. In that case we have kv˜ = 2H and thus
T = pi√
4H2−1 . By Proposition 2.1 (i) and (iii) we have h
′
1 = E1 and
h′2 = cos
(√
4H2 − 1
2H
pi
)
E1 + sin
(√
4H2 − 1
2H
pi
)
E2.
We have
√
4H2−1
2H ∈ (0, 1) for H > 12 so that F2 6= −F1.
(b) The MCH-sphere corresponds to c = 0. We then have kv˜ = 2H − 4H2−14H = 4H
2+1
4H
and consequently
T =
pi√(
4H2+1
4H
)2 − 1 = pi ·
4H
4H2 − 1 .
This shows F1 = −F2. In fact, h1 and h2 are part of the same horizontal geodesic,
just with opposite orientations.
Proof of Proposition 2.1. For (i) we argue as in Proposition 1.2 to see that f c is a minimal
surface. It is also clear that v is a vertical geodesic since its Hopf projection is a point. The
claim about the meridians and the horizontal field F follows in view of (6).
(ii): Let v1 := ∂f
c
∂x (x, y) and v2 :=
∂fc
∂y (x, y). At x = pi/
√
κ we have
v1 = cos
(
(c+ 1)
κ
4τ
y
)
E1 + sin
(
(c+ 1)
κ
4τ
y
)
E2 and v2 = −ξ.
Thus N = − sin ((c+ 1) κ4τ y)E1 + cos ((c+ 1) κ4τ y)E2 is the normal at x = pi/√κ.
Finally we note ∇v2v1 =
(
(c− 1) κ4τ + τ
)
N at x = pi/
√
κ, so that the shape operator is
S =
(
0 (c− 1) κ4τ + τ
(c− 1) κ4τ + τ 0
)
.
For κ = 4H2 − 1 and τ = H Daniel’s correspondence and (9) imply
kv˜ = H +
〈
S
(
0
1
)
,
(
0 1
−1 0
)(
0
1
)〉
= 2H + (c− 1)4H
2 − 1
4H
.
We now show kv˜ > 1:
kv˜ = 2H + (c− 1)4H
2 − 1
4H
=
8H2 + (c− 1)(4H2 − 1)
4H
=
8H2 + c(4H2 − 1)− (4H2 − 1)
4H
=
4H2 + 1 + c(4H2 − 1)
4H
>
4H2 + 1
4H
=
4H2 − 4H + 1 + 4H
4H
=
(2H − 1)2 + 4H
4H
>
4H
4H
= 1.
Curves in H2 with constant geodesic curvature greater than 1 are rotationally invariant,
which proves the claim about the sister surface of f c.
(iii): Finally we compute which part of f c corresponds to one half of the vertical undu-
loid f˜ c. We need the following auxiliary result to have a reference for “one half”:
Lemma 2.4. Let c : [0, L]→ H2 be a unit-speed parametrisation of a simple closed circle
in H2 with constant geodesic curvature kc > 1. Then R = coth−1(kc) is the intrinsic
radius of c.
Proof. Let D denote the closed disc bounded by c. By Gauß-Bonnet we have∫
D
(−1) dAH2 +
∫
c
kc dt = 2piχ(D).
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For the (unknown) intrinsic radius R we know L = 2pi sinh(R) and thus the area of D in
H2 equals 2pi(cosh(R)− 1). Since χ(D) = 1 we get
−2pi(cosh(R)− 1) + 2pi sinh(R)kc = 2pi ⇐⇒ kc = coth(R). 
Proof of Proposition 2.1 continued: We know that v˜ is a curve of constant geodesic
curvature kv˜ > 1. Its projection onto H2 is therefore a curve cR with intrinsic radius
R = coth−1(kv˜). The circumference of cR is 2pi sinh(R), so that one half of a vertical
unduloid is realised at T = pi sinh(coth−1(kv˜)).
Using sinh(x) = exp(x)−exp(−x)2 and coth
−1(y) = 12 ln
(
1+y
1−y
)
we obtain
T =
pi√
k2v˜ − 1
.
In order to prove the claim about the horizontal fields of h1 and h2 we will show that
T : [0, 1]→ R, c 7→ (c+ 1)4H
2 − 1
4H
pi√
k2v˜ − 1
is strictly decreasing on [0, 1). In Example 2.3 we computed T (0) = pi and T (1) ∈ (0, pi),
so that monotonicity of T on [0, 1) shows T (c) ∈ (0, pi) for all c ∈ (0, 1].
For the monotonicity of T we note
T (c) =
(
kv˜ − 1
2H
)
pi√
k2v˜ − 1
= g(kv˜(c)),
where
g : [kv˜(0), kv˜(1))→ R, g(t) :=
(
t− 1
2H
)
pi√
t2 − 1
is strictly decreasing and kv˜ strictly increasing.
We use Proposition 1.2 (ii) to prove that the surface f c is embedded on [0, 2pi)× [0, T ]
for c ∈ (0, 1]. In view of this result, it is sufficient to verify cT < 4τpi/κ. In our case we
have κ = 4H2 − 1 and τ = H , so that this is equivalent to
c
4H2 − 1
4H
pi√
k2v˜ − 1
< pi.
For c = 1 we have kv˜ = 2H and the claim is true due to H > 1/2. The representation
kv˜ = 2H + (c − 1)(4H2 − 1)/(4H) implies c 4H2−14H = kv˜ − 4H
2+1
4H . The claim now
follows if
h : [kv˜(0), kv˜(1))→ R, h(t) :=
(
t− 4H
2 + 1
4H
)
pi√
k2v˜ − 1
is strictly increasing. A computation and t > 1 due to kv˜ > 1 yield
h′(t) = pi
4H2+1
4H t− 1
(t2 − 1)3/2 > pi
4H2 + 1− 4H
(t2 − 1)3/2 = pi
(2H − 1)2
(t2 − 1)3/2 > 0. 
There are more restrictions on the boundary curves of a horizontal unduloid:
Proposition 2.5. Assume Σ˜ is a singly periodic properly (Alexandrov) embedded MCH-
annulus in H2 × R with H > 12 and horizontal axis γ˜. Then the sister curves h1 and h2
from the intersection of Σ˜ with its vertical mirror plane are horizontal geodesics and their
respective horizontal fields F1 and F2 satisfy F1 = −F2.
Proof. The surface Σ˜ has a horizontal mirror plane P by Proposition 1.11 (ii). By Propo-
sition 1.8 the reflection through P corresponds to a geodesic reflection about a vertical
geodesic v contained in the minimal sister surface Σ ⊂ S3(4H2 − 1, H). The surface Σ is
invariant under this rotation, which implies F1 = −F2. 
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Let us consider the converse of Proposition 2.5: Given horizontal geodesics h1 and h2
in S3(4H2−1, H) with horizontal fields F1 and F2 satisfying F1 = −F2. Do they bound a
minimal surface whose sister surface is one half of a horizontal unduloid? They do for the
case that h1 and h2 can be joined by a segment of a vertical geodesic v and λ = L(v) within
a certain range. The parameter λ corresponds to the neck size of a horizontal unduloid. In
fact, they bound also another embedded minimal annulus corresponding to a piece of a
vertical unduloid:
Theorem 2.6. There is a one-parameter family of horizontal geodesics h1 and h2 in
S3(4H2 − 1, H) with horizontal fields F1 and F2 satisfying F1 = −F2 such that each
pair bounds two embedded minimal annuli Σv and Σnv. The annulus Σv corresponds to
a piece of a vertical unduloid in H2 × R and Σnv corresponds to one half of a horizontal
unduloid in H2 × R.
Proof. We use the construction of Manzano and Torralbo in [MT14] in order to establish
existence of the embedded minimal annulus Σnv. They constructed one quarter of a hori-
zontal unduloid by solving a Plateau problem in the Berger sphere S3(4H2 − 1, H). The
boundary curve consists of segments of three horizontal geodesics and one vertical geo-
desic; the Hopf projection is a convex sector in S2(4H2 − 1), so that there is a unique
graphical solution for the Plateau problem.
For κ > 0 and τ ∈ R let λ ∈
[
0, pi
2
√
κ
]
. Moreover let h1 and h2 be the curves
h1(t) =
cos(√κ2 t)
sin
(√
κ
2 t
) ,
h2(t) =
 cos (√κλ) cos(√κ2 t)+ i sin (√κλ) sin(√κ2 t)
− cos (√κλ) sin
(√
κ
2 t
)
+ i sin (
√
κλ) cos
(√
κ
2 t
) .
In view of (6) we notice the following: h1 is a horizontal geodesic through (1, 0) with
horizontal field F1 = E1 and h2 is a horizontal geodesic through (cos(
√
κλ), i sin(
√
κλ))
with horizontal field F2 = −E1. We claim that h1 and h2 have the following properties:
(a) There is a vertical geodesic v joining h1
(
pi
2
√
κ
)
and h2
(
− pi
2
√
κ
)
. The length ` of v is
in the interval
[
0, 2τκ pi
]
. Thus h1 and h2 are, up to a left translation, a reparametrisation
contained in a spherical helicoid f c for c ∈ [0, 1]; compare with Proposition 2.1.
(b) There is a closed geodesic polygon Γλ = γ1⊕γ2⊕γ3⊕γ4 such that γ1 = h1|[0,pi/√κ],
γ2 and γ4 are horizontal geodesics intersecting γ1 orthogonally, and γ3 is a vertical
geodesic joining γ2 and γ4. The Hopf projection Π ◦ Γλ is a convex sector in S2(κ)
for λ as chosen above. By [MT14] it bounds a unique minimal graph Σλ (graph with
respect to Π).
(c) Geodesic reflection across γ3 maps h1 onto h2. Reflections across γ2 and γ4 extend
the surface Σλ to an embedded minimal annulus bounded by h1 and h2.
For (a) we exhibit v explicitly. We note first
h1
(
pi
2
√
κ
)
=
1√
2
(
1
1
)
and h2
(
− pi
2
√
κ
)
=
1√
2
(
exp (−i√κλ)
exp (i
√
κλ)
)
.
The curve
v(s) =
1√
2
(
exp
(−i κ4τ s)
exp
(
i κ4τ s
) )
is a vertical geodesic, see also (5), that joins v(0) = 1√
2
(1, 1) and
v(`) = h2
(
− pi
2
√
κ
)
for ` =
4τ√
κ
λ.
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γ1
γ4
γ3
γ2
γ˜1
γ˜3
γ˜2
γ˜4
FIGURE 4. Qualitative sketches of Γλ on the left and of the sister con-
tour Γ˜λ on the right side; compare also with [MT14, Figure 3]
By definition of λ we have 0 ≤ ` ≤ 2τκ pi, as claimed.
For (b) we define curves γ1 to γ4 as follows:
γ1(t) =
cos(√κ2 t)
sin
(√
κ
2 t
) , t ∈ [0, pi√
κ
]
,
γ2(t) =
 cos(√κ2 t)
i sin
(√
κ
2 t
) , t ∈ [0, λ] ,
γ3(t) =
 exp (i κ4τ t) cos(√κ2 λ)
exp
(−i κ4τ t) i sin(√κ2 λ)
 , t ∈ [0, 2τ
κ
pi
]
,
γ4(t) =
i sin(√κ2 t)
cos
(√
κ
2 t
) , t ∈ [0, pi√
κ
− λ
]
.
One can check that this defines a closed polygon Γλ oriented as in Figure 4. Looking at (6)
and (5) we see the following: γ1 is E1-circle, γ2 and γ4 are E2-circles (in particular they
intersect γ1 orthogonally) and γ3 is a vertical geodesic. By choice of λ the sector Π ◦ Γλ
is convex.
Finally we check (c). Let ρ0(z, w) := (z,−w) denote the geodesic reflection across the
vertical geodesic
v0(t) :=
(
exp
(
i κ4τ t
)
0
)
through (1, 0). A computation shows γ3(t) = Lγ2(λ)(v0(t)), so that
ρ(z, w) :=
(
Lγ2(λ) ◦ ρ0 ◦ L(γ2(λ))−1
)
(z, w)
is the geodesic reflection across γ3. Another computation yields h2(t) = ρ(h1(t)). Reflec-
tions across γ2 and γ4 extend the surface to the desired embedded minimal annulus Σnv
bounded by h1 and h2: This is because the length of the segment γ1 is one quarter of the
length of h1 or h2, and thus we go once around h1 and h2, respectively.
The other solution Σv is the spherical helicoid bounded by h1 and h2. By property (a)
they are joined by a segment of length ` ∈ [0, 2τκ pi]. This implies Σv is embedded, see
Proposition 1.2. In Proposition 2.1 we have shown that the sister surface is a piece of the
vertical unduloid in H2 × R. 
Remark 2.7. The embeddedness of horizontal unduloids in [MT14] relies on a generalised
Krust theorem by Chuaqui and Hauswirth which has never been published. Therefore we
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cannot say that horizontal unduloids are embedded. It is known that the horizontal cylinder
is embedded, which corresponds to λ = pi
2
√
κ
in the proof above. In particular, the cylinder
is Alexandrov embedded. Since Alexandrov embeddedness is preserved under continuous
deformations, we know that some horizontal unduloids are in fact Alexandrov embedded.
Let us give a simple argument why all horizontal unduloids are Alexandrov embedded.
The piece Σλ in the Berger sphere is a minimal graph which is never vertical. The MCH-
sister surface Σ˜λ in H2 × R is never vertical as well by the Daniel correspondence. The
curve γ˜3 is in a horizontal plane of H2 × R above which Σ˜λ lies due to the maximum
principle. The surface Σ˜λ is on one side of the vertical plane containing γ˜1: This is due
to Σ˜λ being never vertical and because of the maximum principle. Therefore Σ˜λ bounds
an immersed three-ball, that is, it is Alexandrov embedded. The surface Σ˜λ extends to an
Alexandrov embedded annulus by reflection through the vertical and horizontal planes.
To conclude this subsection, we complement our picture with unduloids in R3 and their
sisters in S3:
Remark 2.8. Let f˜n parametrise a vertical unduloid in R3 with neck size n ∈ (0, pi). As
has been shown in [GB05] or [GB93], the cousin in S3 is then parametrised by
fn(x, y) =
(
cos(x) exp(−iny)
sin(x) exp(i(2pi − n)y)
)
.
We see that fn agrees with the spherical helicoid from Proposition 1.2 for κ = 4, τ = 1
with parameters ϕ = pi and ` = n2 . For n = pi we get cylinders in R
3 and for n = 0 a
chain of spheres.
We define the family (Φθ)θ∈R by
Φθ : S3 → S3, Φθ(z, w) :=
(
cos (θ/2) z − sin (θ/2)w
sin (θ/2) z + cos (θ/2)w
)
.
This family satisfies ddθΦθ(z, w) =
1
2E1, i.e., (Φθ)θ∈R is the flow of a Killing vector field
on S3 and thus a one-parameter family of isometries.
The curves h1 := fn(·, 0) and h2 := fn(·, 1/2) are horizontal geodesics with horizon-
tal field ±E1. They bound the embedded minimal annulus Σv := fn(R× [0, 1/2]) in S3.
Therefore the boundary of Σv is invariant under the flow (Φθ)θ∈R. Since Φθ is an isometry,
each surface Σθv := Φθ(Σv) is an embedded minimal annulus bounded by h1 and h2. It
can be shown that they correspond to tilted unduloids in R3, see [Vrz16, Theorem 4.8] in
the author’s Ph.D. thesis.
2.2. A multiple solution theorem in the Berger spheres. The Plateau problem of find-
ing minimal surfaces bounded by two closed curves is interesting in itself. The solution
depends on the topology of the surface we are looking for. We are interested in embedded
minimal annuli. For our particular problem, embedded minimal annuli bounded by linked
horizontal geodesics in S3(κ, τ), two questions arise: Is there a minimal annulus bounded
by these two curves? How many solutions exist?
We have already answered the first question: in the Berger spheres we have exhibited
one explicit solution in Proposition 1.2, corresponding to vertical unduloids in H2 × R.
We have shown there is a unique embedded spherical helicoid for a given orientation of
the boundary curves. Regarding the second question, we have seen in Theorem 2.6 that
certain horizontal geodesics h1 and h2 with horizontal fields satisfying F1 = −F2 bound
at least two embedded minimal annuli.
For a general pair of linked horizontal geodesics h1 and h2 in the Berger spheres the
question regarding the number of minimal annuli bounded by h1 and h2 is more delicate.
In a series of papers, see [Ji89, Ji93b, Ji93a], Min Ji proves a minimax principle to obtain
a multiple solution theorem for a pair of linked curves in S3, or more generally in any
compact Riemannian three-manifold. This minimax principle is applicable to a pair of
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linked horizontal geodesics in a Berger sphere: Given horizontal geodesics h1 and h2 in
S3(κ, τ) with a prescribed orientation, there are at least two (possibly branched) minimal
annuli bounded by h1 and h2. We do not include the details in the present paper since we
need a stronger result. For instance, embeddedness of the solution is not clear. A more
detailed account of this multiple solution theorem can be found in [Vrz16, Chapter 5 and
Appendix B].
3. EXISTENCE OF TILTED UNDULOIDS FOLLOWS FROM A UNIQUENESS PROBLEM
We have narrowed our conjugate Plateau construction of tilted unduloids as follows:
• Choose horizontal geodesics h1 and h2 in S3(4H2 − 1, H) with linearly indepen-
dent horizontal fields and fix their orientations. Construct an embedded minimal
annulus Σ0 bounded by the oriented circles h1 and h2 (different from the spherical
helicoid), and consider the universal cover Σ of Σ0.
• Daniel’s correspondence yields an MCH-surface Σ˜ in H2 × R.
• Extend Σ˜ to a tilted unduloid by reflection.
In Section 2 we observed that neither the boundary curves nor an abstract Plateau solution
carry sufficient information for the sister surface to be a tilted unduloid. We show that this
construction works under an additional assumption concerning the number of embedded
minimal annuli bounded by horizontal geodesics (for a fixed orientation) in the Berger
spheres. Namely, we need to assume there are exactly two such annuli: we are as yet
unable to verify this assumption. In any case, the existence problem for tilted unduloids is
reduced to a uniqueness problem in the Berger spheres.
3.1. Conjugate construction of tilted unduloids in H2 × R under hypotheses. It is
useful to introduce the following notation for the conjugate Plateau construction outlined
in the introduction to this section:
Notation. Let h1 and h2 be linked horizontal geodesics in S3(κ, τ) with prescribed orien-
tations. We set
M0(h1, h2) := {Σ0 : Σ0 is an embedded minimal annulus bounded by h1 and h2}
and
M(h1, h2) := {Σ: Σ is the minimal universal cover of Σ0 ∈M0} .
We also writeM0 =M0(h1, h2) andM =M(h1, h2).
We finally pose the existence question: Do tilted unduloids in H2 × R exist? An af-
firmative answer to our problem depends on the following hypotheses whose geometric
meaning is explained in Lemma 3.1:
Definition (Hypotheses). Let H > 12 and let h1 and h2 be linked horizontal geodesics
with prescribed orientations in S3(4H2 − 1, H), having length L. Let Σ ∈ M(h1, h2)
and consider the MCH-sister surface Σ˜ in H2 × R. By Pj we denote the vertical plane
containing the sister curve h˜j , where j ∈ {1, 2}. The minimal surface Σ satisfies (H1) to
(H3) if the following is true:
(H1) Either there exists j ∈ {1, 2} such that h˜j(0) 6= h˜j(L) or if h˜j(0) = h˜j(L) for all
j ∈ {1, 2} then P1 ∩ P2 = ∅.
(H2) The MCH-surface Σ˜ has a non-vertical axis.
(H3) If Σ˜ extends to an MCH-annulus by reflections through P1 and P2 then the annulus
is (Alexandrov) embedded.
We state the main technical result:
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Lemma 3.1. Let H > 12 and consider linked horizontal geodesics h1 and h2 with hori-
zontal fields F1 and F2 in S3(4H2 − 1, H). Let Σ ∈M(h1, h2).
(i) Assume the MCH-sister surface Σ˜ satisfies (H1). Then Σ˜ is a singly periodic MCH-
surface in H2 × R.
(ii) If F1 and F2 are linearly independent and Σ˜ satisfies (H1) to (H3) then Σ˜ extends to
a tilted unduloid in H2 × R.
Proof. We prove (i). Let L := 4pi/
√
4H2 − 1 be the length of a horizontal geodesic in
S3(4H2 − 1, H). Then we have h1(0) = h1(L) and h2(0) = h2(L). When applying the
conjugate sister relation, the cases
(A) h˜1(0) 6= h˜1(L) or (B) h˜1(0) = h˜1(L). (11)
can occur.
Let us assume (A) first. Then p := h˜1(0) and q := h˜1(L) are distinct points in the same
vertical plane P1. There is an isometric translation Φ, acting without fix points, such that
Φ(p) = q. We claim that the surface Σ˜ is invariant under Φ and thus singly periodic. In
order to show this we want to use the Fundamental Theorem of Surfaces in homogeneous
three-manifolds, see [Dan07, Sections 3 and 4].
We consider the annulus Σ0 as a minimal immersion f0 : Ω0 → S3(4H2−1, H) defined
on an annulus Ω0 ⊂ R2. The universal cover Σ of Σ0 is then a minimal immersion
f : Ω → S3(4H2 − 1, H) defined of the universal cover Ω of Ω0. The geometric data
are the first fundamental form, the shape operator S, the vertical component of the Gauß
map 〈Z,N〉, and the vector field df−1(T ) as in Proposition 3.8. The MCH-sister f˜ has
the same first fundamental form (Daniel correspondence is isometric) and shape operator
S˜ = JS + H id. Furthermore we know 〈Z˜, N˜〉 = 〈Z,N〉 and df−1(T ) = Jdf˜−1(T˜ ).
Since Σ0 is an annulus we see that the geometric data at the points p and q are equal.
That is, periodic data of the embedded minimal annulus Σ0 in the Berger spheres imply
periodic data for the MCH-sister surface Σ˜. Integrating along curves c˜ = f˜ ◦ γ joining p
and q, the Fundamental Theorem of Surfaces in homogeneous three-manifolds implies that
Φ generates the isometry group of the MCH-surface Σ˜. In particular, h˜2 cannot be a closed
curve.
Now we consider case (B). If h˜1 is closed then h˜2 is closed, too. Otherwise we can
argue as in case (A) to show that the surface is singly periodic. We assume (H1), that is,
the vertical planes P1 and P2 containing h˜1 and h˜2, respectively, are disjoint. Then we can
reflect through P1 and P2 to obtain a singly periodic MCH-annulus with a horizontal axis.
Now we prove (ii). We claim that (H2) and (H3) imply case (A) in the proof of (i).
Assume that we were in case (B). Then we can extend Σ˜ by reflections through P1 and
P2 to an MCH-annulus Σ˜ with a horizontal axis. Hypothesis (H3) guarantees that Σ˜ is
(Alexandrov) embedded, hence it has a vertical mirror plane P by Proposition 1.11 (ii).
Let h˜ be a mirror curve in P , see also Figure 5.
h˜1 h˜2
h˜
FIGURE 5. Case (B) from (11) is impossible in (ii)
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Then the sister curve h is a horizontal geodesic that intersects h1 and h2 orthogonally.
This implies F1 = ±F2 for the horizontal fields F1 and F2, in contradiction to our assump-
tion that these fields are linearly independent.
Thus Σ˜ satisfies case (A) and is singly periodic. By (H2) the axis is non-vertical, so
that the vertical planes P1 and P2 must be equal by Proposition 1.10 (i). Hence reflection
σ through P1 = P2 extends Σ˜ to a properly immersed MCH-annulus Σ˜ ∪ σ(Σ˜). The
singly periodic annulus Σ˜ ∪ σ(Σ˜) is (Alexandrov) embedded by (H3). The axis cannot be
horizontal since Proposition 2.5 implies F1 = ±F2, contradicting our assumption on F1
and F2. So indeed the axis is tilted. 
3.2. Discussion of hypotheses in construction and conjecture on tilted unduloids. In
Lemma 3.1 we have shown that tilted unduloids in H2 × R exist if there are horizontal
geodesics h1 and h2 with linearly independent horizontal fields F1 and F2 such that some
Σ ∈ M(h1, h2) satisfies (H1) to (H3). These hypotheses are implied by the following
conjecture:
Conjecture 3.2 (Uniqueness). Let h1 and h2 be linked horizontal geodesics in a Berger
sphere S3(κ, τ) with κ 6= 4τ2. Then we have |M0(h1, h2)| = 2, that is, there are exactly
two embedded minimal annuli bounded by h1 and h2.
Why do we believe this conjecture to be valid? Let us first look at the lower dimensional
problem of finding embedded geodesic arcs between two points p and q on the standard
two-sphere S2: If q = −p (antipodal or symmetrical case), then there are infinitely many
embedded geodesic arcs (induced by a one-parameter family of isometries of S2), and if
q 6= −p (unsymmetrical case) we have exactly two geodesic arcs, “min” and “minimax”.
In a Berger sphere two linked horizontal geodesics h1 and h2 always bound an em-
bedded spherical helicoid. For a given orientation of the boundary curves, the embedded
spherical helicoid is unique. Compare also with Proposition 1.2. For our problem, we
recall Remark 2.8: In S3, that is, for κ = 4τ2 there is an S1-orbit of embedded minimal
annuli bounded by horizontal geodesics h1 and h2 with horizontal fields E1 and −E1. In
fact, this critical orbit for the Dirichlet energy is induced by a one-parameter family of
isometries in S3 (symmetrical case). Deforming the metric from the symmetric standard
three-sphere to a less symmetric Berger sphere, these do not remain isometries. A special
case of this orbit arises when h1 and h2 are contained in a Clifford torus, i.e., the sister
surface is one half of a vertical cylinder in R3 via the Lawson correspondence. One can
verify by computation that exactly two surfaces in this orbit remain critical in S3(κ, τ),
one of them corresponding to a piece of a vertical cylinder inH2×R and the other surface
to one half of a horizontal cylinder in H2 × R. The solution corresponding to the vertical
cylinder is “min” and the other one “minmax”. Moreover, certain horizontal geodesics h1
and h2 with horizontal fields E1 and −E1 always bound at least two embedded minimal
annuli by Theorem 2.6.
For the general case we have at least two critical points for the Dirichlet energy, a “min”
and a “minimax”, according to a Minimax Principle due to Min Ji. Nevertheless, these
techniques do not seem sufficient to verify the uniqueness conjecture; see also Subsec-
tion 2.2.
A similar uniqueness result is available in R3: In [MW93, Theorem 1.2] Meeks and
White showed that an extremal pair of smooth disjoint convex curves in distinct planes
bounds at most two embedded minimal annuli. The case of two minimal annuli is realised
by two generic solutions, a “min” and a “minimax”, even though the case of no solutions
occurs.
While the geometric situation is different, we believe in the basic idea of proof to carry
over. We suggest the following steps to prove the conjecture in S3(κ, τ):
(a) Shiffman type theorem: Show that horizontal geodesics on a Clifford torus with linearly
dependent horizontal fields bound exactly two embedded minimal annuli in S3(κ, τ).
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(b) Meeks-White degree argument: Use a degree argument as in [MW93] to prove that a
deformation of the curves considered in (a) bounds only two embedded minimal annuli
in S3(κ, τ).
If we assume the uniqueness conjecture to be true, we can prove existence of tilted
unduloids as a perturbation of horizontal unduloids:
Theorem 3.3 (Perturbation result). Assume Conjecture 3.2 to be true. For c ∈ (0, 1] let
f c be the spherical helicoid from Proposition 2.1 and consider h1 := f c(·, 0) as well as
hα2 := f
c(·, α) for
α ∈
(
0, 8H
pi
(c+ 1)(4H2 − 1)
)
=: I.
For fixed c, we then have two one-parameter families of embedded minimal annuli, namely,
(Σαv )α∈I corresponding to pieces of vertical unduloids, and another family (Σ
α
nv)α∈I . Let
α0 = 4H
pi
(c+ 1)(4H2 − 1) .
Then there exists ε ∈ (0, α0) such that for each α ∈ (α0 − ε, α0 + ε) \ {α0} the surface
Σ˜αnv extends to a tilted unduloid in H2 × R.
Proof. The assumption |M0(h1, hα2 )| = 2 and Theorem 2.6 show that the MCH-sister
surface Σ˜α0nv is one half of a horizontal unduloid in H2 × R.
Since |M0(h1, hα2 )| = 2 for all α ∈ I we see that Σαnv depends continuously on α. The
surface Σα0nv satisfies (H1) to (H3): Indeed, let N
α and N˜α denote the normals to Σα2 and
Σ˜α2 , respectively. Then we have
〈Nα0 ◦ h1, ξ ◦ h1〉 =
〈
N˜α0 ◦ h˜1, ξ˜ ◦ h˜1
〉
6= 0 (12)
since c > 0 and because the upper half of the horizontal unduloid is never vertical by the
construction of Manzano and Torralbo; see [MT14] or our Theorem 2.6 and note that γ˜1
in Figure 4 extends to h˜1. The continuity property shows that for α close to α0 the surface
Σαnv has no branch points, i.e., it is an immersion, and (12) is preserved for α close to α0.
This verifies three properties:
• h˜2
α
(0) 6= h˜2
α
(L): otherwise the normal along the sister curve h˜2
α
in the vertical
plane Pα2 would be horizontal, a contradiction to the choice of α. Therefore Σ˜αnv
is singly periodic as shown in Lemma 3.1 (i).
• The horizontal fields F1 and Fα2 are linearly independent for all α ∈ I \ {α0}
since Fα02 = −F1 by definition of α0. We refer to Proposition 2.1 (i) for an
explicit computation of the horizontal field.
• The axis is non-vertical, i.e., (H2) is satisfied: If Σ˜αnv had a vertical axis then the
normal along h˜1 would be horizontal at some point, contradicting the choice of α
once again.
Recall that horizontal unduloids are Alexandrov embedded due to Remark 2.7. Hypoth-
esis (H3) follows since Alexandrov embeddedness is preserved under continuous defor-
mations. Such a deformation argument has been used to show that minimal spheres in a
compact homogeneous three-manifold are Alexandrov embedded, see [MP12, Lemma 4.3
and Corollary 4.4].
This shows the existence of ε ∈ (0, α0) with the claimed properties. 
We believe the conclusion in the perturbation result to be true for all α ∈ I \ {α0} and
formulate the conjecture on tilted unduloids as follows:
Conjecture 3.4 (Tilted unduloid). Let H > 12 and c ∈ (0, 1]. We consider the spherical
helicoid f c as in Proposition 2.1. Let h1 := f c(·, 0) and hα2 := f c(·, α) for α ∈ I . Then
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for each α ∈ I \ {α0} there is Σα ∈M(h1, hα2 ) so that Σ˜α extends to a tilted unduloid in
H2 × R.
The geometry is not completely analysed. Namely, we cannot determine the exact slope
of the axis or the neck size of a tilted unduloid.
We recall that for the family of spherical helicoids f c the parameter c ∈ (0, 1] cor-
responds to the neck size of the vertical unduloid in H2 × R. If we do not fix c in the
construction above, we obtain two two-parameter families of universal covers of embed-
ded minimal annuli
(Σα,cv )(α,c)∈I×(0,1) and (Σ
α,c
nv )(α,c)∈I×(0,1) .
In the first family α parametrises what piece of a vertical unduloid we consider and c is
the neck size of the vertical unduloid. For the second family the following natural question
arises, provided that the conjectures on the uniqueness of embedded minimal annuli and
tilted unduloids are true:
Question. Does α parametrise the slope of the axis of Σ˜α,cnv ? Does c correspond to the
neck size in this family?
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